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Abstract: In this paper, we investigate the approximations of generalized Weyl fractional-order integrals in extreme 
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1 Introduction 

Throughout this paper, let X be a random risk with distribution function (df) F (denoted by X ~ F), and S € (0,1) 
an independent of random risk. Of interest is the following integral Ic,s(x, X) given by 

X c ,s(x,X) := E{£(X)I{SW > a;}} 

for some given function £(•) such that the integral is well-defined. Here !{•} stands for the indicator function. The 
integrall^s(a;, X) is closely related to the Weyl fractional-order integral; see e.g., |211l29ll3T] for related applications 

on beta random scaling and Wicksell problem. 

*The authors would like to thank Enkelejd Hashorva for useful discussions and suggestions 
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In various theoretical and practical situations, the question arising naturally is how the approximation of Xc,s{x, X) 
as x goes to the right-endpoint of F, is influenced by the tail behavior of S and A'. For instance pj-j] [20] studied the 
asymptotics of the tail of deflated risk SX which is reduced by Ic,s(x, X) with C(x) = 1. 

Another motivation for considering the approximations of Xc,s{x, X ) comes from finance and risk management fields. 
Particularly, if S' is a Beta distributed random variable with parameters 1 and re, re > 0 (denoted by A' ~ Beta( 1, re)), 
and C(x) = x K , then, with = max(cc, 0) 

X c ,s(x,X) = E{(X-x )*}, 

which is closely related to several risk measures such as the Haezendonck-Goovaerts (H-G) and expectile risk measures; 
see |3 010122 |35l Eg, and references therein for related discussions. 

In this paper, we are interested in the derivation of some approximations of the integral Xc,s( x >X) with C{x) = x K 
for some given constant re, abbreviate it as X Ki s(x,X), i.e., 

X K:S (x,X) :=E{A K I{SA>4}. (1.1) 


We remark that one could similarly consider the general function £(•) by applying the methodology of regular 
variations; for some technical reasons we study only the power function. 


Our principle results, Theorem |2.1| and Theorem |2.3| are concerned with the second- and third-order approximations 


of (1.1). Our main methodology is based on the higher-order regular variation theory which was discussed deeply by 
da usi os]. As a by-product, we establish a technical inequality, namely the extensional Drees’ inequality for third- 


order regular variations (see Lemma 6.1 in the Appendix), which is of its own interest; see e.g., jlO ][T51 fT51 !231 [251 [56] 
for related discussions. 

As important applications of these results, we shall discuss the tail asymptotics of deflated risks in Theorem |3.1[ 
and Theorem |3.3| (which deal with the cases that X has Weibull and Gumbel tails in a unified way), refining those 
in mm where they only studied the first- and second-order tail approximations of SX under three different tail 


behavior of S and A'. Moreover, with the aid of Corollary 2.5 dealing with the higher-order approximations of (1.11 
for S ~ Beta( 1, re), we investigate the approximations of H-G and expectile risk measures which were initially studied 
by pll| and m , respectively. The two competitive risk measures have received more and more attention due to their 
nice mathematical and statistics properties; see e.g., mmm- As expected, our Theorem |3.5| and Theorem |3.7| are 
significant refinements of findings displayed in |2U ;Tf3; and [2] 125 ■ 


The rest of this paper is organized as follows. In Section [2] we establish our main results following by the three 
applications including the approximations of deflated risks as well as higher-order approximations of H-G and expectile 
risk measures. Section |4] is devoted to several illustrated examples and some numerical analysis. All the proofs are 
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relegated to Section [5] We conclude this paper with an Appendix containing a technical inequality. 


2 Main Results 


We start with the definitions and some properties of regular variations which are key to establish our main results. 

A measurable function / : [0, oo) —» R. is said to be an extended regularly varying function (ERV) at infinity with 
index 7 £ R, denoted by / £ ERV 7 , if (cf. |E1 iTCT] ) 

f(tx) - f(t ) xi - 1 


lim 

t-¥ 00 a[t) 


:= Dry(x) 


( 2 . 1 ) 


holds for all x > 0 and an eventually positive function a(-), which is referred to as the auxiliary function. In the 


meanwhile, / is regularly varying with index 7 , denoted by / € RV 7 , if the limit in (2.1 ) holds with (f(tx) — f(t))/a(t) 
and D 1 {x) replaced by f{tx)/f(t) and x 7 , respectively. 

ERV and RV are powerful tools in the study of extreme value of statistics since it provides a suitable framework 
to study key features and properties of dfs belonging to max-domains of attractions. Namely, a df F is said to 
be in the max-domain attraction (MDA) of G 1 {x) := exp (1 + ,7 6 M, i.e., there exist some constants 

a n > 0, b n £ R such that 

lim sup|E n (a n a; + b n ) — G~(a;)| = 0 , 

which holds if and only if U € ERV 7 with U(t) := E <_ (1 — 1/t) the tail quantile function; see |1011 14] . The df F is 
so-called in the Frechet, Gumbel and Weibull MDA according to 7 > 0, 7 = 0 and 7 < 0, respectively. 

In this paper, we mainly use the second- and third-order ERV and RV extensions, which are mainly used to investigate 
the speed of convergence of the first- and second-order expansions of certain quantities of interest in different contexts; 

see e.g., [SJ HH I2S HQ IMI GSH ■ 


Refining (2.1 1 , we say that / is of second-order extended regular variation with parameters 7 G K and p < 0, denoted 


by / G 2ERV 7jP , if there exist some auxiliary functions a(-) eventually positive, and A(-) with constant sign near 
infinity satisfying lirrq^oc A(t) = 0, such that for all x > 0 (cf. |121 152] ) 

t-y 

y^ 1 

'1 J 1 


lim U(tx) - f(t))/a(t) - D^(x) = f x 1 
t=S> A(t) ' J 


.p - 1 


du dy := H ltP (x). 


( 2 . 2 ) 


Further, we shall write / G 3ERV 7iPiI? meaning that / is of third-order regular variation with parameters 7 G K. and 
Pi V < 0, if there exist first-, second- and third-order auxiliary functions a(-) eventually positive, and A(-),B{-) with 
constant sign near infinity satisfying lim^oo A(t) = lirn^oo B(t) = 0, such that for all x > 0 (cf. [15| [36]) 

( f(tx)-f(t))/a(t)-D~,(x) tt / \ 

A(t) 


lim 

t—¥ OO 


B(t) 


/ X py nU 

y^- 1 J u p ~ l J v^ 1 dv dudy := R^^^x). 


(2.3) 









4 


Similarly, we define f £ 2RV (or f £ 3RV) with auxiliary function A(-) (and B(-)) if the limit in ( |2.2| ) (or ( |2.3| )) 
holds with ( f(tx ) — f(t))/a(t) and D 1 {x), H ltP (x) (and f? 7 iP ^(a;)) replaced by f(tx)/f(t) and x 1 ,x 1 D p {x) (and 
x 1 D p+r} {x)), respectively. 

Note in passing that for f £ 3RV JiP:r/ with auxiliary functions A(-) and B(-), we have from [15j that A £ 2RV p>r/ 
with auxiliary function B, and \B\ £ RV^. 


Throughout this paper, we write Q := 1 — Q for some function Q and U ( t ) := F i ~( 1 — 1/f), t > 1 for the tail quantile 
function of X. By F(-) and B{ •, •) we mean the Euler Gamma function and Beta function. All the limits are taken 
as the argument goes to xp = U{ oo), the right endpoint of X unless otherwise stated. 


Our first result, Theorem 2.1 investigates the approximations of I K| s(x, X) given by (1.1 1 for X being in the Frechet 
MDA. Further, for n < a, g,g < 0, we denote d 0pi = E {S'“ -K } and 

E{S ,Q - K " e }-E{S'“- K } nE{S a - K ~ e } K(E{S a ~ K ~ 2s } -E{S ,Q - K - e }) 

“i,k —-1-7-rj d 2 K — -7-7- 

g a(a — n — g) ag(a — k — g) 


d% k — — 
a 


k /E{S'“- K -®- ? }-E{S , “- K " e } E {S a ~ K ~ e ~ l '}\ E — E {S'“ -K } 


(a - k - g)s 


+ 


a — k — g — ? 


g + <T 


Theorem 2.1. (i) If F £ 2RV_ aje with auxiliary function A for some a > 0 and g < 0, then, for I Kt s{x, X) given 

l K ,s{x,X) _ a 


by ( 1.11 with k < a 


x K F(x) 

(ii) If F £ 3RV_„ ie ^ with auxiliary functions A and B, then 
Zk,s{x,X) a 


(do, K + di iK A(x)(l + o(l))). 


(2.4) 


(do,* + A(x) (di, K + d 2 ,^A(x)(l + o(l)) + d^, tK B(x)(l + o(l)))) . 


(2.5) 


x K F(x) a 

Remark 2.2. (i) Recalling that the Weyl fractional-order integral ffp+i,K c { x iX) with weight function K c (x) := x c 


is given by (cf. ]2Vf) 


Jp+i,K a ( x > x ) = ^ ’ with S ~ Beta(l, (3), k = (3 + c, 


an immediate application of (2.41 and (2.51 together with E {S 1 } = IB(1 + l,/3 + 1), l > 0 implies the second- and 
third-order expansions of Sp+i.K a (x, X) extending Theorem 7.2 in 121/. 

(ii) We see that the speed of convergence of the second-order expansion is determined by the two auxiliary functions 


A and B, i.e., the parameters p and g. Most common risks are in the third-order Hall class defined by (3.1 1 below, 
i.e., satisfy the third-order regularly varying conditions with equal g and g; see urn- 

Next, we consider that A' is in the Gumbel and Weibull MDA. Hereafter, denote below for 7 £ R, a > 0, p, rj < 0, g < 0 
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with c a j = a(a — 1 ) • • • (a — l + 1 )/l\, l £ N and D 7 , iJ 7jP , i? 7jPjP given by (2.3) 


L a = fi{D 7 (l/s)) a ds, M ad = c a , ; ^(D J (l/s)) a - l (H ltP {l/s)Yds 


N a ,i, e = c a ,i / Q 1 (i? 7 (l/ S ))“- Z (7? 7 , p (l/ S )) 




ds 


( 2 . 6 ) 


Q a =afg(D 7 (l/s)) a 1 R 7tPiV (l/s)ds. 

Theorem 2.3. (i) If U £ 2ERV 7jP with auxiliary functions a, A for some 7 , p < 0, and G( 1 — 1 /a;) G 2RV_ a p , a > 
0, p < 0 with auxiliary function A, then 


— L a + f M a pA(t) + N at o, e A(ip t ) + (re — a) _ + ) (1 + o(l)). 


(2.7) 


x K F{x)G (1 - l/Ft) \ ' Ft 

(ii) If U £ 3ERV 7jPiP wit/i auxiliary functions a, A and B for some 7 ,/?,?? < 0, and G(1 — 1/a;) £ 3RV_o, iejC; , a > 
0, g, g < 0 with auxiliary functions A and B, then 

kev ^ 77/7 1 /—\ = L a + M a l A(t) + N afi ^ e A(ip t ) + (ft - a) “ +1 
x^F^xjG (1 — l/<pt) Ft 


[q+1,1 

Ft 


+ yA{t)(^M a ^A(t) + Q a B(t) + N a ^ tS A{ipt) + (ft — o) 

+A(</?t) ^N a> o, e +i;B(<pt) + ~ Ot)N a + 1 , 0 , e + +a-e+i) ~ )) (l + o(l)) 


L 


a+2 


+ (ft - cc)(k - a - 1 ) _ „ 

2 f\ 


( 2 . 8 ) 


with ipt = U(t)/a(t), t = 1/F(x) and L a , M a j, N a j tB ,Q a given by (2.6 1 . 
Remark 2.4. //) It is possible to allow g,g to be non-positive for 7 < 0. 


(ii) We see that Theorem 2.3 conducts a unified way in terms of the tail quantile function. Further, the speed of 


convergence seems more involved in the related parameters and auxiliary functions. 

Next, we specify the expansions of (Zfysfy, X) where we consider S ~ Beta( l,ft) and certain third-order regularly 
varying conditions are imposed on X (which is helpful to calculate explicitly the coefficients involved). In the 
meanwhile, we will see that Corollary [23] given below is of crucial importance in the derivation of the tail asymptotics 
of H-G and expectile risk measures; see Sections |3.2| and |3.3| 


In what follows, set for 7 7 ^ 0, p < 0 

'1 ~ P 


6 +p = B 


= 


— ft, kJ I {7 > 0} + B ^1-, ft ) 1(7 < 0} 


1 - P 


1 ( (,K,P £#C— 1 , P 


a, = — (- (k- 0 ^" - 1 ). 

TP \ ?«-i,o ?k,o 


(2.9) 


TP \Ck,o fy— 1,0 , 

Corollary 2.5. If (i) U £ 3RV 7iPiT? with auxiliary functions A and B with 7 > 0, p, g < 0, or (ii) xf — U£ 3RV 7iPiT; 
with 7 < 0, p, g < 0 and auxiliary functions A and B, then for all ft > 0 such that kj < 1 
E{(X-[/(*))«} 


1 / — L k + M k iA(t) + M k < 2 ,A (f)(l + o(l)) + QnA(t)B(t)(l 4- o(l)), t —> 00 

t (a(t)r 

holds with aft ) = 'yU(t)I{'y > 0} — 7 (xf — U(t))I{j < 0}, L K = ft£ K ,o/l 7 | K and 

_ ftsign( 7 ) _ 4 tsign( 7 ) 

-™re,l — I I.X1 ls«,p SK, 0 j I b/ft I 1,1/ > Vsk,p+i? Sk.oJ ■ 


( 2 . 10 ) 


\t\ k+1 P 


\t\ k+1 {p + v) 
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M k,2 = 9 | 7 |«+ 2 p 2 (( 1 ~ 2 P~ 7)6c,2p -2(1 -p- 7 )£ K ,p + (1 - 7)£«,o)■ 


Remark 2.6. Note that the coefficients in (2.101 are understood as their limits when p or 77 are zeros. Specifically, 
we have, with l = 1,2 


ft"* - ft0- - ^ * 0) + - o } ). 


where 


w Ktl = ±-J™x l (l-e- x )*~ l exp [~ 
= |^| J x 2 (l — e~ x ) K ^ 1 exp ( — 


1 — ftyljy > 0 } — 71(7 < 0 } 

M ' 

1 — K7l{7 > 0 } — 71(7 < 0 } 

pyj ^ 


dx 

dx. 


3 Applications 

In this section, we present three applications in insurance fields, namely the higher-order tail expansions of the 
deflated risks which refine those in m, and approximations of H-G and expectile risk measures. 

3.1 Asymptotic expansions of deflated risks 


In the following, we apply Theorem |2. 1 1 and Theorem |2.3| with k = 0 to obtain the third-order expansions of the tail 
of deflated risk SX refining those in [15, 20]. 


Theorem 3.1. Under the conditions as in Theorem 2.1 (ii), we have 

r JSX>A =ns « }+ E { S-«}-E{5-} + E{S-.-<}-E{S° } 

F(x) Q Q + S 

Example 3.2. (Third-order Hall-class) Let X be a random variable with a df F such that, for some a, b > 0, g < 0 

and c,d / 0 


F(x) = bx “(1 + cx e + dx 2e (l + o(l))), x —> 00 , 


(3.1) 


i.e., F is in the third-order Hall-class; see e.g., HEW It follows then by Proposition 6.3 that F £ 3RV_ a , eie with 
auxiliary functions A and B given by 

\ B cxe ( \ 2d 

A(x) = -, B(x) = — x e . 

w 1 + cxP w c 


An immediate application of Theorem 3.1 with an independent scaling factor S £ (0,1) yields that 

fi cx e + -X——Ldx 2e 1 
nr r 1 n? r cr> 1 ^ 


H{x) :=¥{SX > x} = E{S a }bx- a 1 + 




Els' 0 } 


>( 1 )) 
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which together with Proposition 6.3 yields that the Value-at-Risk of SX at level q , denoted by VaR 9 (5'X)(:= 

_, /Lwroai \ V a 

H 


(1 - q)), equals with c q = 


VaR q (SX) = x + cE{S a ~°} 


I 1 /cE{5“- e }\2 

+ U( aE|S«i ) (1 - a + 20) + 




aE{S a } ~ q ' \ 2 V aE{S a } > ' aE{S a } / c 9 &(1 + q t L 


Theorem 3.3. Under the conditions as in Theorem 2.3 (ii), we have 

P{5X>a;} ~ 

— ia + + N a fi t gA{ip t ) — 


aL, 


a+1 


<Pt 


F{x)G(l-l/<p t ) 

+A(t) i^Ma, 2 A(t) + Q a B(t ) + N ai i^ e A{ipt)^ + N at o t g +q A(ipt)B(ip t ){^ + o(l)) 

. l-'a-f -2 ! ^^a+l, 0 ,f) 


-( Afa+i,i^l(i) — (a + 1)- 

Tt \ 2<p t 


^ 4,-e+i) A(^)) (1 + o(l)) 


with (pt = U(t)/a(t),t = 1/F(x) and L a , M a j, N a j^ e ,Q a given by (2.6 1 . 


Remark 3.4. Fke see t/iat Theorem 3.3 refines the second-order asymptotic expansions of deflated risks in m in a 
unified form, see Theorems 2.3 and 2.6 therein. 


3.2 Asymptotic expansions of Haezendonck-Goovaerts risk measure 


Haezendonck-Goovaerts (H-G) risk measure is based on premium calculation principle via Orlicz norm which was 
first introduced by m- It is shown by Eta that H-G risk measure is a law-invariant and coherent risk measure and 
thus an challenging alternative to Value-at-Risk and Expected Shortfall. 

In what follows, with the aid of Corollary |2.5| we shall establish the higher-order expansions of H-G risk measure which 
refine those by |241 53 . It is shown (see Proposition 1.1 in |2¥j or |53j) that, for a Young function <j>(t) = t K , n > 1, 
and X a risk variable with E {X£} < oo and P{X = xf} = 0, then the H-G risk measure for X at level q £ (0,1), 
denoted by H q [X ], is given by 


H q [X]=x+{ X \_ q )+n 

where x = x(q) £ (— 00 , 2 ;^) is the unique solution to the equation 

(E{(X-x)^- 1 }) K 


(E{(X-*)*}) 


—T = 1- 9, « > 1 


and x = VaR 9 (X)(:= F < ~(q)) for k = 1. 


For simplicity of notation, denote, with £ K}P ,M K} 1 , A K given in (2.9) 

C = K (vHf) ^.0; c 0 = ci^l(c p |(^-l) 

c (7 + p)M K p + (p + A k + ^ 

- £ (fees - j)] ) +■ c '££ (fa - j) 


2 p 


C 2 = 7c 

+A h 


+nM K p 


c , — 1 ( c P+n €*,p+v __ A 1 c p (c v _1) t G, P _ A 

c 3 - p+r/ ^c £kj0 i-J + pv ^ K)0 ■ 


(3.2) 


(3.3) 


(3.4) 
































Theorem 3.5. Let H q [X\ be defined by (3.21 . We have (i) If U £ 3RV 7jPjI? ,0 < K7 < 1 and p,r) < 0 with auxiliary 
functions A and B, then 


H q [X] — c 0 F^(q) (l + ciCq + c 2 e q ( 1 + o(l)) + c 3 e q ip q (l + o( 1))) , q t 1- 


(ii) If x F — U £ 3RV 7iPi?; , 7 < 0 and p, i) < 0 with auxiliary functions A and B , then 

x F - H q [X) = c 0 (x F - F*~ (q)) (1 + C\t q + c 2 e q (l + o(l)) + c 3 e q ip q ( 1 + o(l))) , qf 1, 


where c, < 7 , 0 < i < 3 are given as in (3.41 and e q := A(l/(1 — q)), if q := B(1/(1 — q)). 


Remark 3.6. (i) Clearly, our Theorem 3.5 provides the third-order asymptotics of H q [X] which is based on the 


bias-adjustment of the second-order ones; see Example \4-l\ and\j.2\ 


(ii) Theorem 3.5 refines those in 


3.3 Asymptotic expansions of expectile risk measure 

Expectiles are first introduced in m in a statistical context. Namely, for a random variable X with finite expectation 
the expectile e q = e q [X],q £ [0,1] is defined as the unique minimizer of an asymmetric quadratic loss function as 
follows 


e q = argmin (qE {(X - x)\) + (1 - g)E{(a; - A)+} ) 
or equivalently as the unique solution of the first-order condition 

e q =E{X}+ 2 ^-E{(X-e q )+}, 


(3.5) 


see, e.g., EE] for further discussions. Several generalizations of expectiles and its application are extensively studied 
in both statistical and actuarial literature; see, e.g., [17l [35] [37]. 

In the following, we investigate the higher-order expansions of e q extending those by nng. For simplicity of notation, 
we denote for 0 < 7 < l,p, p < 0 and D = ( 7 _1 — l) -p /(l — 7 — p) 

do = 7 ( 7 _1 — 1) 7 E {A} , d 3 = - 2 7 , d 2 = D+ (7 1_1) P ~ 1 , 


,2 ,_n 2 | 7 -l , /> 


d 3 = 2(7 - 7 ), d 4 =D 


2 7 




by -1 — 1) _ P — 1 

d 5 = —2(1 + p)D — 2—- -J- -2 ( 7 _1 — l) _p , 


7 1 p 


do — D 
d7 = 


1 — 7 — p)(7 _1 — l) -?7 , (7 _1 — 1) _?? — 1^ | (7- 1 - l)- p - p - 1 
l- 7 -p-r? 

( 7- 1 - 1) 2 ^ +1 


V J P + V 

( 7 E {A}) 2 , ds = -2 7 2 (7 ’ 1 - 1) 7+1 E {A} , 


da — 


27(7-! _ 1 ) 7+1 -p 


1 -T-P 


E{A}. 
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Theorem 3.7. If U £ 2RV 7jP , 7 £ (0,1), p < 0 with auxiliary function A, then as q f 1 


= (l^) F ^ i 1 + ( F+~\q) + dl(1 + ^ + ' 


\F^(q) 

If further U £ 3RV 7jPi?) , 7 £ (0,1), p, q < 0 with auxiliary functions A and B. Then, as q f 1 

do 


e a — 


(rr^) i 1 + F^(q) + d i( 1 - 9 ) + d 2 e 9 

+^ 3(1 — q) 2 ( 1 + o(l)) + e q (d^e q + d§(l — q) + deip q )(l + o(l)) 


1 / d'j 


+ ^s(l ~ ?) + dge q I (1 + o(l)) 


F^(q) \F^{q) 
with e q := A( 1/(1 - q)), ip q := B( 1/(1 - q)) 

Remark 3.8. (i) The speed of the second-order expansion is determined by max(p — 1,2 p,p + rf) for E{X} = 0, 


see Example f.2\ otherwise by max(— 27 , 2p, p + rf) and thus we may neglect the terms related to do, do and ds, see 
Example \).1\ 


(ii) Theorem 3.7 extends Theorem ? in m ■ Moreover, it is worth mentioning that their results for E{X} 7 ^ 0 are 
only available for p > —1 since the location transformation will change the second-order parameter; see W- 

Next, we consider the case that X ~ F which is in the Weibull MDA. 

Theorem 3.9. If Xf — U £ 2 RV 7 iP , 7 , p < 0 with auxiliary function A such that, with a constant C > 0 

x F - U(t) = CF ( 1 + ^ (1 + o(l))'V 


Xp 


(C a x 0 (l-q)) 


- A VV(a+i) 


then, with a = — 1 / 7 , xq — (a + l)(a^F — E {X}) 

- e , = (C-X.C1 -,))■«-» (l- a{lF _ E{x)) 

(“ + iK C / I ”)” P,< “ + A ((1 - 9) -* )(1 + » (1 ) ) ). 


( 1 + 0 ( 1 )) 


p(a + 1 - ap ) 


Remark 3.10. (i) Theorem 3.9 generalizes Proposition 2.5 in Jffj. Moreover, one may refine the second-order results 
above by imposing 3 RV conditions on x F — U.. 


(ii) Numerous examples of F that satisfy the conditions of Theorem 3.3 and Theorem 3.9 are presented in m 
(Hi) One can follow the similar arguments for H-G and expectile risk measures above to consider the case that X has 
a Weibull-type tails. 


4 Examples and Numerical Analysis 

Example 4.1. (Burr distribution) Let A' be a Burr distributed random variable with parameters a,b > 0, i.e., 
F(x) = (1 +x a )~ b ,x > 0. It follows that (cf. P) 

F(x) = x~ ab (l - bx~ a + b ^ Fl K ~ 2a (l + o( 1))] , x -A 00 . 


















10 


Consequently, it follows by Proposition 6.3 (see also Table 1 in [3) with a = —ab,p = —a that 


U(t) = F*~(l/t) = t 1/(ab) (l - t -^- + ^t- 2/6 (l + o(l)) ) . 

Consequently, U £ 3RV]/( a 6) ) _i/& i _i/& with auxiliary functions A,B given by 

t-i/b 


Ait) = 


ab — bt~ 1 ! b ’ 


B{t) = - —- 1~ 1 / b . 


For expectiles, note that E{X} = a _ 1 B(& — 1/a, 1/a) for ab > 1. By Theorem 3.7 we have the first-, second- 
and third-order approximations of e q as q f 1. In Figure [l] we take a = 2,6 = 1.5 and we see the higher-order 
approximation of e q is more accurate than the lower-order ones. 


For H-G risk measure, we take a = 1/2, 6 = 4 and k = 1.5, and thus 7 = 1/2, p = 77 = —1/4. By Theorem 3.5 

(i-<z ) 1/4 , (1-g) 1 / 4 ( niooo (1-g) 1 / 4 


= 2.6935 1 + 1.9312 


-0.1822 


H q [X\ 

F*~iq) — 2(1 — 2(1 — g) 1 / 4 ) ' 2 

= 2.6935 (l + 0.5116(1 — q) + 0.2587(1 — g) 2 (l + o(l))) , q 11. 


- 1.2575(1 — g) 1 / 4 ^ (l + o(l)) 


Therefore, we see that the first-, and second-order approximations slightly underestimate the H q [X\ while the third- 
order approximation has smaller error. 

Example 4.2. (Student t-distribution) Let X ~ t v be a student t-distributed random variable with v > 1 degrees 
of freedom. We have E {X} = 0 and its probability density function / is given by 


/w^i. 

(y/2) \ v 


2 \ ~(v+l)/2 


= r ((//+ l)/2) V (v+l)/ 2 x -(v+l) f 1 _ v((V+^ x _ 2 + v 2 (v + 1) ( t ; + 3 ) a .- 4(1 + o(1)) \ 

y/vnT(v/2) \ 2 8 / 

=: C v x~ kl (l + k 2 x p + k 3 x 2p (1 + o(l))) with C v := v v ^ 2 /B(v/2, 1/2). 


x —> 00 


It follows from Lemma |6.1| and further by the dominated convergence theorem that 

fitx) 


Fix) = xf(x) 


\ fix) 


dt 


k2X p ' (t p ‘ — 1 ) 


X/(X) J 1 1 1 l 1 + 1 + k 2 x p ' + k 3 x 2p '{ 1 + o(l)) 


k 2 x p 


xfjx) L p' 

ki — 1 \ k\ — l — p'l + k 2 x pl + k 3 x 2p ' ' k\ — 1 — 


+ k 3 x 2p it 2p - 1)(1 + o(l))j dt 


c, 


v x~ vl 


( v 2 (v + l) _ 2 v 3 (d + l)(v + 3) _4 \ 


8(v + 4) 


Therefore, it follows from Proposition 6.3 that (see also Table 1 in [7]) 

,,3/ 


U(t) = F m={—) - 8 („ + 2)n„ + 4) lv) (1 + <>( 1 »J- 


Consequently, we have U £ 3KV i/ v ,- 2 /v ~ 2 / v with auxiliary functions A and B given by 


A(t) = 


(v + 1 )iC v t/v) 


-2/v 


v + 2 — v(v + \)iC v t/v)~ 2 / v /2 ’ ^ 2(v + 2)(v + 4) V v 


2 (i> + 3) fC v t\ 
I- 2)(v + 4) V v J 


-2/v 
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We have by Theorem 3.5 the second-order approximation with a convergent rate max(—1, —2/v). We obtain further 


by Theorem 3.7 the third-order approximations of e q as q 1 with the speed of convergence of the second-order 


approximation as max(— 2/v — 1,— 4/v). In Figure [2] we take v = 1.2 and we see that the second- and third-order 
approximations of e q is much better than the first-order approximations. Particularly, when q = 0.9979, the third-, 
second- and first-order evaluations are (261.0483,261.0483,261.9426) for the true value e q = 261.0483. 

For Haezendonck-Goovaerts risk measure, taking v = 2, k = 1.1, and thus C 2 = 1. We have by Theorem |3.5| 


= 2.1044 (l + 0.6822 • 4 3( ^ ^ (-0.125 • + 0.3998 • |(1 - g) ) (1 + o(l)) 

= 2.1044 (1 + 0.5116(1 -g) + 0.5634(1 - g) 2 (l + o(l))) , q t 1. 


Therefore, as in Example |4.1| we see that the first-, and second-order approximations slightly underestimate the 
H q [X] while the third-order approximation has smaller error. 

Example 4.3. (Beta distribution) Let X ~ 13eta(a, 6 ), a, b > 0 with probability density function given by 

1 


f(x) = 


B(a , b) 


x a ~\l^x) 


b -1 


0 < x < 1, a, b > 0. 


Note that 


F 1-- = 


f(x) dx = / —/ ( 1 - - ) ds 


with 


' 1-1 ft 


1 , (, 1\ t~ (b+1) (1 CL- 1 , ( a — l)( a — 2) , „„ 

{ 1 “ ij = « / - — + —2c— (1 + o(1)) 


t —> 00 . 


Therefore, by the dominated convergence theorem 


Eli — -) = 


t 


-b 


t J bB(a, b) 


1 -Mb i, *°: 1 )<°r 2) i(i+.(i)) 1 =:,(*). 


6 + 1 t 


2(6 + 2) t 2 


It follows by Proposition 6.3 and 1/(1 — U(t)) = g^(l/t) that 

t \ ~ 1 / b / a — 1 




- 1/6 


6 + 1 \ bB(a 1 6 ) / 

a — 1 (a- 1 a + 6 \ / t \ “ 2 / b , 1N ,\ 


bB(a , 6) 
a — 1 / 

+ 6+1 \6 + 1 ' 2(6 + 2 ) 

Consequently, we have 1 — V G 3RV_i/b ? _i/b ? _iwith auxiliary functions ^4 and I? given by 

a — 1 


A(f) = - 

E(t) = 2 


6(6 + 1) \bB(a ,6) 
a — 1 a + 6 


/ t V 6 / a — 1 / t \ 

\bB(a, b) J / + 6 + 1 \bB(a, b) J 


, - 1 / 6 ' 


6 + 1 2(6 + 2) / \bB(a, 6 ) 


)(< 


6 + 1 \bB(a,b)< 
t \ —1/6 


For H-G risk measure, we take a = 3, 6 = 6 and « = 2, thus 7 = p = rj = —1/6. By Theorem 3.5 

1 ((l- g )/28)V 6 ^ 


1 = 0.8055 11 - 0.9254 




' 21 1 — 2/7((l — g)/28) 1 / 6 / 
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1 /'l-«\ 1 / < Y 1 -98931 /l-?\ 1 /e „ iri „ 95/l-g\V6\ 
21 ( 28 ) V 21 ( 28 ) + ' 7 ' 56 V 28 ) ) 

= 0.8055 (l- 0.0253(1 - q) 1/6 - 0.0364(1 - q) 1/3 {l + o(l))) , q 


(l + o(l))) 

fl. 


Therefore, we see that the first-, and second-order approximations slightly overestimate the 1 — H q [X\ while the 
third-order approximation has smaller error. In particular, for a = b = 1, we have C = a = l,p = —oo 


l-e q = y/l^q(l-2y/l^q(l + o(l))), qf 1 

which coincides with the true value of e q = (q — y/q — q 2 )/(2q — 1) (see Example 3.1 in [2]). In Figure [ 3 J we take 
(a, b) = (2,3) and we see that our second-order approximation of e 9 [X] performs very well. 


Figure 1: Approximations of expectile 1 (left) 

e q [X] (right) for X ~ Burr(a,b) with (a, b) = (2,1.5). 



Figure 2: Approximations of expectile e q [X], q f 1 (left) 
e q [X] (right) for X ~ t v with v = 1.2. 


and Ratios of approximations divided by the true values of 



and Ratios of approximations divided by the true values of 


5 Proofs 


PROOF OF Theorem |2.1| Noting that S and X are independent, we have 
E{A K I{S , A > a:}} 1 


F{x) 


F(x) 

1 


E{X K I{sA > 4} dG(s ) 

1 /*oo 


F (x) J 0 Jx/s 


y*dF(y)dG(s) 
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Figure 3: Approximations of expectile e q [X], q j" 1 (left) and Ratios of approximations divided by the true values of 
e q [X] (right) with X ~ Beta(2,3). 


~_ k F(x/s) 

F{x) 


i+« dG{s) - 

J l F(a;/s) 


It follows from Lemma 5.2 in m, for any given s > 0, there exists Xq > 0 such that for all x > xq and all s € (0,1) 
and y > 1 


EMA _ (l + ^f±A(x)) | < e|A0r)|(l + + 2s“-*-«) 

- y ~ a ( 1 + 3 ^" 4 ( a: / s )) ^ e\A{x/ s)|(! + y~ a + 2y- a +e+ e ). 


(5.1) 


Further a straightforward application of Potter bounds for A(-) (cf. Proposition B.1.9 in |10p yields that A(x/s)/A{x ) < 
(1 + e)s~ e ~ e . Consequently, by the dominated convergence theorem 


E{A K I{5A > j}} 
x K F(x) 

X ( 1 + K , 


s~ e - 1 


A(a;)(l + o(l)) 


Hi — O '— 1 


1 + —-^ e A(x)(l + o(l)) ) dy ) dG(s) 


where the o(l)-terms are uniform for all s £ (0,1) and y £ (1, oo). We complete the proof of (2.4). 


To prove (2.5), we use by Lemma 6.1 


F{x/s ) 


F{x) 


-s a 1 


s“ e - 1 


A(x) 


s-e-* - 1 

e + c 


A(x)B(x) 


< e\A(x)\\B{x)\(l + s a + 2s a ~ e + 4 s a s~^) 
F((x/s)y) 


v e _ 1 v e+<; _ i 

y~ a ( 1 + -- A{x/s) + -- A(x/s)B(x/s) 


F(x/s ) 

< e|xl(a;)|| J e(a7)|(l + y~ a + 2y~ 


Q + S 

-a+g ^y-a+e+s+e ', 


and 


A(x/s) 


A{x) 


-s~ e 1 + 


s“ s - 1 


A(x)B(x) 

Thus again using the dominated convergence theorem 


B(x) ) < e|R(a;)|(l + s e + 2s 


< (l+e); 


A(x/s)B(x/s) 


E{A K I{5A > x}} 
x K F(x ) 


= / s 


s~ e - 1 


a ~ K 1 1 +- A(x) + 


Q 


8~<i- q - 1 
g + c 


A(x)B(x)( 1 + o(l)) 
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K 1+ “r^ , ( 1+ ^(i) +s 7^ ij, (i) fl (;) (1+0(1,, )*)" ( * ) 

a f 1 ( s~ e - 1 s -0-« - 1 \ 

-?=— / s“- K 1 + - A(x) + - A(x)B(x){ 1 + o(l)) 

a ~ K Jo \ 6 £? + ? J 


IV 0 A / \ ,V 

1 H- - -H- 

a(a — k — q) a 


s-^s^ - 1) 
(cr — K — g)<Z 


a — k — q — ? 


A(x)B(x)(l + o(l)) ) dG(s) 


a — k 


(d 0 , K + di, K A(x) + d 2 , K ,A 2 {x){ 1 + o( 1)) + d 3tK A(x)B(x)(l + o(l))) 


establishing our proof with elementary consideration. 


□ 


PROOF OF Theorem 2.3 Letting t = 1/F(x) and thus x = U(t) for large t, we have 

> x}} rl 


i F(a 


{fflM'-sS 1 )* 


1 , U(t/s)\ K J[ 
U(t) 

= G ( 1 —— 

FtJ Jo 


1 


U(t/s)-U(t ) a(f) ] 

a(t) C/(t/ S )J 


ds 


1 + 


ftwy 


ds 


- G|i -sJi„ ta(s)) " |1+ 


g«(g) 

<pt 


K a L ( 1 


( 1 + ^y) 

L(vt) 


ds 


(5.2) 


with 


dt(s) = 


U(t/s) — U(t) 
a{t) 


Ft = 


m 

a(t ) ’ 


L(z) =z a G 1 - - . 


Further 


> x}} 

x K F(x)G (1 - 1/Vt) Jo 


= [ (Dj(l/s)) a ds + f ({q t (s)) a - (£> 7 (l/s)) a ) ds 
JO Jo 


+ f ta(s)) “ ( 1 + 5 f)' 


- 1 ) ds + / ( qt(s)) a ( 1 + 


L ( 1+ ^)) 


L{Ft) 


— 1 ds 


—: L a + f (Iit{s) + l 2 t{s) + l3t{s)) ds. 
Jo 


(5.3) 


Next, we will present the proofs of (2.71 and (2.8 1 by dealing with I^(s), i = 1,2,3 one by one. 


(i) Proof of (2.71. It follows from Lemma 5.2 in [T3J that, for any given e £ (0,1), there exists i 0 = to{ £ ) > 0 such 
that for all t > to and all s £ (0,1) we have \qtjs) — D 1 {l/s)\ < e(l + s _T + 2s _T_e ). Furthermore, by Taylor’s 
expansion (1 + x) a = 1 + ax(l + o(l)) for smaller \x\ 


ht(s) 


A{t) 


= (D 7 (l/s)Y 


(i , <it(s)-D-,(i/s) V 

V + D-rG/s) ) 


- 1 


< <*(D 7 (1/8)) c 


A(t) 

qt(s ) - £> 7 (i/s) 


71(f) 


(1 + e(l + a" 7 + 2s-'>'- £ )) 


< a(D 1 (l/s)) a ~ 1 (ff 7 , p (l/s) + e(l + s“ 7 + 2s" 7 "' 5 - £ )) (l + e(l + s“ 7 + 2s-T" e )). 
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which is integrable in (0,1). Thus by the dominated convergence theorem 

f ht(s) ds = A(t)a f {D^(l/s)) a ~ 1 H ltP (l/s) ds(l + o(l)) =: M a ^A(t)(l + o(l)), t —> oo. 
Jo Jo 

For J 2 t(s), noting that ip t —> oo as t — > oo and using for small x > 0 that |(1 + x) 1 — 1| < 2\l\x 

Vt\l 2 t(s)\< 2 \K-a\(q t (s)) a+1 . 

Thus, using again the dominated convergence theorem, we have 

f 1 l 

/ ht{s)ds= — (k - a)L a+1 (l + o(l)), t -> oo. 

Jo <Pt 


(5.4) 


(5.5) 


(5.6) 


It remains to deal with the third term ht{s). By ( |5.5[ ), for large t and all s £ (0,1) 

( 


ht(s) < (qt(s)) c 


A(tpt) \A(vt)\ 


L[l + -2* 

1 qt(s) 


L{ip t 


- 1 


1 + 2 k — a 


Qt(s) 

<Pt 


We consider the two cases a) 7 < 0 and b) 7 = 0 separately. 

a) For 7 < 0, recalling that 1/tpt + 1 /qt(s) > — 7 , using again Lemma 5.2 in [T5] for L £ 2RVo, e that, for any given 
e > 0, there exists to = to(s) > 0 such that for all <p(t) > to and all s £ (0,1) 


ht(s) 

Mvt) 


< (qt(s)) a 1 + 2| n-a 


qt(s) 

<pt 


^ (iM + 1 /qt(s)) e -1 


+ e 1 1 + I — 


exp e 


In | — 


‘fit qt(s) 


qt(s), 

which is integrable. 

b) For 7 = 0, it follows from Lemma 5.2 in [T3] that | Io t (s)/A(ip t )\ is integrable over S* = {s £ (0,1) : min(<^ t , 1 + 
<Pt/q t (s)) > to}- And on §£ = {s £ (0,1) : (pt > to > l + (p t /q t (s)}, we use the similar arguments for proving Theorem 
2.3 in m (see (5.6) therein) as follows. 

Clearly L(l + ip t /qt{s)) < (1 + tp t /qt(s)) a < tg. Moreover, by Theorem 1.10 in (IB] that lim t _ > . 00 (L(t) — L(oo))/A(t) = 
1 /g where L{ 00) := Hindoo L(t) and g < 0 implying L( 00 ) > 0. Therefore L(tp t ) > L( 00)/2 for large t. Meanwhile, 
by Potter bounds, for any given e £ (0,1) and ip t > to > 1 + ip t /qt{s) 


\A{v t )\ > \A((t 0 - l)q t (s))\ > (1 - e )(g t ( S )) e - £ |A(t 0 - 1)|. 


(5.7) 


Consequently 


ht(s) 

Mvt) 


V to / (1 — e)|A(t 0 - 1)| 


holds on Sj whose Lebesgue measure goes to zero as t —> 00. 

Hence, a straightforward application of the dominated convergence theorem to ht{s) for both a) 7 < 0 and b) 7 = 0 
yields that 


1 




= /(«.(»»" (i+^y 


M<Pt) 


l( i + -W) 

V qt(s)) 
L{<Pt) 


— 1 ds 
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I), 


U\ a (D,(l/s))~e-l 


■0 


/o \ 5 

-^a,0,e(l + °(1))> t 0° 


ds( 1 + o(l)) 


(5.8) 


which together with (5.3), (5.41 and (5.6 I establishes the proof of (2.7). 


(ii) Proof of (2.81. In the following, we use the same notation aforementioned as before. For -Zit(s) given in (5.31, 
using (1 + x) a = 1 + ax + c a ^x 2 (l + o(l)) for smaller x and Lemma 6.1 there exists a constant C > 0, for any e > 0 


there exists some to = to(s) > 1 such that for all t > to and s £ (0,1) 


ht(s)/A(t) - a(H 7 (l/s))“- 1 iL 7iP (l/s) 


\A(t)\ + \B(t)\ 

q t (s)-D y (l/s) 


\ot— 1 


< a(Dj(l/s)) 

+C a , 2(-D 7 (l/ s)) 


\B(t)\ 


\B(t)\ \A(t)\ + \B(t)\ 

- 2 fqt(s)-D y (l/s)\ 2 \A(t)\ 


(l + e(l + s -7 + 2s _7_e )) 


A(t) ) \A(t)\ + \B(t)\ 

< aiD^l/s))*- 1 (i? 7iP ,„(l/s) + e(l + s" 7 + 2+ 4 s -7-p-»j-= + e ~ c I{y = p = 0 })) 
+c a ,2(H 7 (l/s))“- 2 (£r 7 , p (l/s) + e( 1 + s" 7 + 2s-^- p ~ e )) 2 (l + e(l + s" 7 + 2s~^~ e )). 

Consequently, again by the dominated convergence theorem 

f l 

/o 

For l2t(s), note that |(1 + x) p — 1 — px| < Cx 2 for small x > 0 and C = C p > 0,p € R. It follows that, for any e > 0 
there exists to = to(s) > 0 such that for t > to and s £ (0,1) 


J Iit{s) ds — A(t) ^ M a p + B(t)Q a ( 1 + o(l)) + A(t)M a ^{ 1 + 1 


t —t oo. 


(5.9) 


<Pt 


Vtht{s)-(n-a){q t {s)r +1 

= ¥>?(&(«))“ (l+ 

V +* 

< C(qt(s)) a+2 . 


— 1 — (k — a) 


Qt(s) 


<Pt 


Consequently, again by the dominated convergence theorem 

f h t {s)ds =-— -f (q t {s)) a+1 (l + ~—|—-^^(1 + 0(1))^ ds 
Jo Vt Jo \ 2 (pt J 


n — a I 

<Pt Jo 

k — a 


2 <p t 

D^-)+H^-)A(t)(l + o(l))) (H--- ’ (1 + o(l)) ) ds 


n — a — 1 qt{s) 


<Pt 


L a +1 + A(t)M a+lil (l+o(l)) + ^—^ La +2 (1+0(1)) 


(5.10) 


<Pt\ . 2 (fit 

where the o(l)’s terms in the integral are uniform for s £ (0,1), and the following are the same unless otherwise 
stated. 


Next, we deal with ht{s). First note that \B\ £ RV^. Similar arguments for (|5.7|) yield that, for any given e £ (0,1), 
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there exists some t 0 = to(e) > 0 such that for ip(t) > to 


\B{ft)\ > - l)g t (s))| > (1 - e)(q t (s)¥ E \B(t 0 - 1 )|. 


Using further Lemma 6.1 to analyze the two cases: a) 7 < 0 and b) 7 = 0 above, we see that 
1 ht(s) _ ( qt ( s ^a L + \ K ~ a (1 /(fit + 1 /qt{s)) e - 1 


\B{ft)\ A(if t ) 


< ( qt{s)) a 1 + 2|re - a 


ft 


B 


qt{s) 


ft 


(1 /ft +1 /qt(s)) e - 1 


(q t (s)y 


+ e ( 1 +(q t (s)) e + (q t (s)) e ? exp ( e 


In I — + 1 


ft qt(s ) 


I{s G St} 


«/L(cc) + 1) + (1M + 1/8.M)*-! i I{ , £ sj, 


(l-e)|B(t 0 -l)| y (1 — e)|v4(t 0 — 1)| ' " ' ' 8 

which is integrable in [0,1]. Consequently, by the dominated convergence theorem 


- 57 1 ~ [ ht{s)ds= f {q t {s)) a fl + Qt( ^ 
A(ip t ) Jo Jo \ ft 


V it (»)/ 


A(f t ) \ B(tp t ) 
.D-tO-fs), 


— 1 I ds 


I { D 'y( s ) +H ^) Am + o{1)) ) + 7 ^ / ; (i + °( 1 )) 

x / MHi + tM/rf-i + faM)-^-i g (y , )(1 + o(1)) \ ds 
\ e q+s J 

= Na,o,e + A{t)N a ^ i,e(l + o(l)) + —-— + ’ ’ e -(1 + o(l)) + B(<pt)Na,o,g+sO- + o(l)) 

ft 


which together with (5.3), (5.91 and (5.101 establishes the claim in (2.8). 


□ 


PROOF of Corollary |2.5| We adopt the notation as in the proof of Theorem |2.3| A straightforward application 


(5.2) with S ~ Beta( 1, re) (note that > 1 — s} = s K , s £ (0,1)), we have with a = n 

- [\q t (s)) K ds = L K + finis) ds. 

t 1 {a(t)) K Jo Jo 

(i) For 7 > 0, it follows that U £ 3ERV 7jPjr( with first-, second- and third-order auxiliary functions a, A and B holds 
with id 7iP and Rj, P ,v replaced by H and R given by 

H(x) = = !±£ff„(*) + -D,(x) 

IP 7 7 


R(x) = 


x i x p+t 7 _ 1 1 


7 P + l 7 


+ p + r])Rj,p,v(.x) + (7 + P + v)H 1 , p {x) + Djixj') . 


Thus, it follows from (5.91 and Remark 6.2 that (2.101 holds. Further, note that for all c G R. such that re (7 + c) < 1 

r*i 


J o {D 7 (1 /s)) k s ~> c ds = f^B (f -K-C,K-|-lJ . 


Consequently the claim follows by cumbersome calculations. 

(ii) For 7 < 0, we have xf ~U £ 3ERV 7iPj?) with first-, second- and third-order auxiliary functions a, A and B and 
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the limit functions IF 7jP and -R 7jPi7) replaced by H and R as above. Further, for n,c > 0 

/*1 

/ (D 7 (1/s)) k_1 s _7C ds = 

Jo 


Consequently, the claim follows by similar arguments. 


i - VH ’* 1 ' 


PROOF OF Theorem |3.5| It follows from Corollary |2.5| that, as t —» oo 

(£{(1-1/^})^ 

_ 1 {Lk -i + A(t)(M K -i ! i + A(t)M K _ i : 2 + B(t)Q K - i)(l + o(l))) 


□ 


' (L k + A(t)(M K ’ i + A(t)M Ki 2 + B(t)Q K )(l + o(l))) 

- Ik. _ 

L k -i 


K— 1 


r « 

^K-l 


tL 


L k -i 

( M K _i 2 , 1 sAf K 2 «(k — 1) fM K i M k _h 

+ -<“ - ‘>T7 + “2~ I.T7 - 

=: -^1 + A K A(t) + ( Q K A(t)B(t ) + A K A 2 (f))(1 + o(l))^ 


= ^ i 1 -1 «w- - «■-1>^) m +(- <« - Dff) *.)*.)<.+od» 


A 2 (f)(l + o(l)) 


(5.11) 


with 


-^k-1 A M k _h i A M K \ 

c =—T, A k = K — - («— 1)—F— = 

r^K, J-'K— 1 -L'hZ 

A __M k - 1,2 lA -^re,2 , k(k — 1) f M K} 1 M k -ip 

— K—- (A — C - 7 ' o 


© Qk— 1 / , Qn 

K = «7-(K - l)v- 




L k -\ 


Note that (see also (6.2 () A £ 2RV Pj?? with auxiliary function £? and |£?| £ RV^. We have by (3.31 and (5.111 that 
(1 - <?)f = c(l + A K T(f)(l + o(l))). Further, with e q = A(l/(1 - q)),4> q = B( 1/(1 - <?)), as q f 1 


= c^,(l + o(l)) 

A(t) = e q [c(l + A K A(t)(l+om) P + 


= c% + pc 2p A K e 2 (l + o(l)) + c p C 1 e q ip q ( 1 + o(l)) 


(5.12) 


Therefore, it follows by (5.111 and (5.12) that, the solution t = t(q) to (3.31 has the following third-order expansion 

t = ^1 + c p A K e q + c 2p (pA 2 + A K )e 2 (l + o(l)) + c p ^0 K + A B C ^ l ^j e q ijj q {l + o(l)) j . (5.13) 

Thus, by ( |3.3| ), Corollary |2.5| and ( |5.12| 

,E{{X -U(t))«}\V*_ E{(A- 


= a(0 


1-9 > E{(A-[/(t))«- 1 } 

L k + A(t)M K> i + A(f) (M Kt 2A(t) + Q K B(t )) (1 + o(l)) 


L k _i + A(t)M K _ i t i + A(f) {M K -\^A{t) + Q K -\B(t)) (1 + o(l)) 


= a{t)- L ^- fl + 
\ 


M k a M k - i.i 


T(t). 


Qk Qk— 1 


+ 


L k L k _i / \ Aft Are-i 

Af re ,2 -^re-1,1 Mt,l A 2 


A(t)B(t)(! + o( 1 )) 


A k -i 


/■v— 1 


Aft Ak-1 


A 2 (t)(l + o(l)) 
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= a(t)—— [ 1 + e g c p M Ki i + e 2 c 2 p [M Ki2 + pM K>1 A K ] (1 + o(l)) + e g ^ g c p 

l-'K— 1 


c v Qk, + M k i 


c 71 - 1 


(1 + °(1)) 

(5.14) 


with 


tv M Ki i M k _ 1,1 ~ Qk—\ 

M k, 1 ~ —f - j -) Vre — 7-r- 


M k o — 


A4c,2 M k - 12 , ^k-1,1 M k i M k - 11 




; ifc-1 

We will present next the proof for 7 > 0 and p,r] < 0. The other cases follow by similar arguments and thus are 
omitted here. 

Since U £ 3RV 7iPjI) with auxiliary functions A and B, we have U £ 3ERV 7iPjI) with first-, second- and third-order 


auxiliary functions a(t) = 7 U(t),A(t) and B(t). By Lemma 6.1 and Remark 6.2 we have using (5.131 with t = t q , 
as q t 1 

U(t) 


U(l/(l-q)) 

= ((! - <?)*) 7 + e«((l - qW 


((1 - q)ty -1 , „ (jy-qyy+y-i 


c q y q {{l - q)ty 


P + V 


= c 7 ^1 + 7 C p A K e 9 + yc 2p ( A K + 


P + 


7-1 


(l + o(l)) 

c 71 - 1 


) e,( 1 + o(l)) + 7 C P ( + A k —-— ) e 9 ^ 9 (l + o(l)) 


c p - l 

e g c 7 - [ 1 + 


7C p A k ■ 


pc 


i P 


= C 7 ( 1 + e q 7 C p A k + 


c p ~ 1 


+€ n 


7 C 2p ( A k + 


P + 


P 

7-1 


c p — 1 

+ e-A 

A 2 


:A, 


fP+J) _ I 

e 9 (l + o(l)) ) + e q i> q c' y — rrzr (l + o( 1 )) 


p + 17 

oV _ i\ c p+»? _ 1 

7 c p ( c’' 0 K + A k - +--- 

P + V J 


(l + o(l)) 


CP -lf__PA , PC 


2p 


p V 


7c p A h 


c^ - 1 


(1 + 0 ( 1 )) 


(5.15) 


which together with (5.141 yields that (recall a(t) = 7 U(t)) 
H q [X] = 


E{(X- U(t))l}^ 
1-9 


= c 7 + <_ (g) ( 1 + 


lL K 


1 + 6 f 


7-1'* 


1 + 


7 L k 


-1 


Lk—1 J \ 1 \ Lk-1 

x ( c p M Kj i + e 9 c 2 p [M Kj 2 + pM K) iA K ](l + o(l)) + ip q c p 
c p - 1 ' 


c^Qk + M Ki i 


c p - 1 


x 1 + e o 


7C p A k 


+e n 


7c 2 p ( A k + 


P + 


P 

7-1 


A 2 


7 C P c p 0 K + A fi 


c 71 - 1 \ c p+p - 1 


P + rj 


(l + o(l)) 
(l + o(l)) 


c p - 1 


7C p A k + 


pc 


2 p 


cc — 1 


-A, 


(l + o(l)) 


=: c 0 F^(q)( 1 + cie g + c 2 e,(l + o(l)) + c 3 e q y q ( 1 + o 


(5.16) 


which together with L K /L K _ 1 = «/(l — K 7 ) implies that 


Co = 


1 — KJ 


, ci = 7 c p {kM K! i + A k ) + 


c p - 1 
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c 2 = 7C 2 p [kM Kj2 + PkM Ki iA k ] + 7 C p kM Ki i 


7C p A k ■ 


c p - 1 


P 


+ 7 c 2p (A. + 

1 7 1 " 

P+ 2 



~ c p - 1 

K7C P 

C "Q K + M Ktl - 


V 


c p — 1 


+ 7C P c p 0 K + A, 


7 C p A k + 


pc 


2p 


C p — 1 


c 7 ' - 1 


c p+7) - 1 

P + V 


Next, we will calculate the four coefficients Co,..., C3 in turn. 
Recalling that c = L*_ 1 /L *~ l , we have 


{ K\y\ ) 6c ’°’ ^ 


c ItI 


(«- !)l7l ^ 

P ~ l-p-K 7 U - hP ' 


Further, by (5.11) and (5.141 (recall the symmetry of (M Ki 1, A K ) and (Q K: ©«)), we have that (2.91 holds ar 


Therefore 


*M Kt i + A K — — * o l) 

kQ k + = XT = Wnjj ~ X ) 


Q.= 


1_ | £k,p+T 7 _ l,p+T7 j 

>+*?) V £«-l,0 ) 


7(p+*?) V £«»o 

M, 

L K 27 2 p : 


^ = w((l-7-2o)fef-2(l-7-p)|r + l-7). 


0K = 


7 (p + ??) V £«-l,' 


.£/« — 1,P+P / hX^KjP+TJ 


- («- 1 )- 




-1 . 


Hence, by (5.171 


ci = c p I 7- 


Tk 


)- 1 - = 

1 

( c p f^ - l) 

/ P 

P 

V £k,0 ) 


Moreover, we rewrite C2 as follows. 


c 2 = 7c 


2 p 


k^k ,2 + A k + (7 + p)kM k i A k + ( p + 


7-1 


A * + ^ 


c p - 1 - 

+ 7 cP (k_M k 1 + A k ). 

P 


Note further by (5.11) and (5.141 that 


kA/ K j 2 + A k — —h kM k ,i 


2 ' L.-1 


The claim for c 2 follows by (5.17). 


Finally, it follows again by (5.171 that 


C 3 = C P+7? 


1 


+ 7©k + 


1 


p + p 


1 


■ yc F 


,c p - 1M k ,! 


p + p 


,p+p £«.p+p _ x \ 


P + P P l k 

c p (c^ -1) 


pp 


7.n 


- 1 


Now for 7 < 0, note that a(f) = —7(xj? — [/(£)) and sj? — U(t) € 3RV 7iPjr/ . It follows that (5.15l 


(if- U(t))/(xF~ — q))). Further (5.16) holds by replacing 17JX] and F < ~(q) by £7 —.ff g [X] and 17 


further 


(5.17) 


holds for 


respectively. The remaing arguments are the same as for 7 > 0. This completes the proof of Theorem |3.5| 


□ 
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PROOF OF Theorem 3.7 Since a := 1/7 > 1, we have E{A'} < 00 and thus the expectile e q satisfies (3.5 1 . It 
follows by Theorem 2.3.9 in pTO] that F £ 2RV_ ajCtp with auxiliary function A*(x) = a 2 A{l/F{x)). By Corollary 
4.4 in [24] 

E{(X-x) + } = ^M(l + A * {x) (1 + 0(1))), x^oc, 

a — 1 \ a — 1 — ap J 

which together with the first-order approximation e q = {a — l) -1 / Q F <- (g)(l + o(l)) —> 00 , q f 1 (see Proposition 2.3 
in (2) yields that 

1 2<?-T 


1 — E {X} je q 1 -q 


E{(X-e q ) + } 


F(e q ) 


1 — q a — 
e q F(e q ) 


j(l - 2(1 - q)) (1 + 


A*(e q ) 


a ~ 1 — ap 


g ' a+ 0 ( 1 )) + 


(a — 1) 1 /“E {X} 

F*~(q) 


(l + o(l)) 


1 + 


adn 


-(1 + o(l)) + adi(l — ?)(1 + o(l)) + aDe q ) 1 + o(l)) ) ■ 


1-ga-l V* F<~(q) 

The last step follows since |A| £ RV P and (1 — q)/F(e q ) = l/(a— 1)(1 + o(l)). 
Further by U £ 2RV 7jP with auxiliary function A 


(5.18) 


= U(-± -i- 

\1 — q a — 1 


= F ( q ) 
X 1 + 


1 


1 + 

1 + 


adn 


F<~(q) 

ado 


(1 + o(l)) + adi(l — <?)(! + o(l)) + aDe q (l + o(l)) 


a - 1 V* F*-(q) 
(a-l)~P-l 


(1 + o(l)) + adi(l — ?)(1 + o(l)) + aDe q ) 1 + o(l)) 


1/0 


(l + o(l)) 


— (a-1) 1 ^ a F i ~(q) ^1 + (1 + °(1)) + ^i(l ~ ?)(1 + °(1)) + ^ 2 e g (l + o(l))^ 

establishing the proof of the first claim. 

First by Lemma [671] 

e{(x- xh) = +M (1 + -+M- (1 + V‘7! + 

a — 1 \ a — 1 — ap \ a — 1 — a(p + p) 
with A*(x) = a 2 A(l/F(x)),B*(x) = B(l/F(x)). Therefore 

1 _ 1 — 2(1 — ( 7 ) 1 + E{X} /e q + (E{X} /e g ) 2 (l + o(l)) 


F(e q ) 


1 ~q 

1 + A T q) ( 1 + 


a — 1 

a — 1 — ap 
a — 1 — ap \ ' a — 1 — a(p + rf) 


B*(e q )(l + o(l)) 


1 1 
1-ga-l 


l- 2 (l-«) + 


E{X} , A*(e q ) 


a — 1 — ap 


EW, , ^ 0/1 A*(e q ) 


— 2(1 — q) — — 1(1 + o(l)) — 2(1 — q) 


+m^+od))+ 


a — 1 — ap 
A*(e q )B*(e q ) 


(l+o(l)) + - 


A*(e q ) E{X} 
a — 1 — ap e q 


(l + o(l)) 


a — 1 — a{p + rj) 


(l + o(l)) 


i-« 
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Noting that A £ 2RV Pi7) with auxiliary function B 1 and \B\ £ RV^, it follows by (5.181 that 


A*{e q ) 

a — 1 — ap 


or 


a — l — ap H 
apdo 


e o x n ( 1 + —- ip q { 1 + o(l)) ) = aDe q [1 - 2p(l - g)(l + o(l)) 


F*~{q) 

B*{e q ) = (a-l)-^ g (l + o(l)) 


(1 + o(l)) + apDe q { 1 + o(l)) + —---^(l + o(l)) 


which together with Theorem |3.5| implies that 


1 


a — 1 


1-2(1 -q) + (l - -^(1 + o(l)) - di(l - g)( 1 + o(l)) - d 2 e q ( 1 + o(l))) 


+aDe q ( 1 — 2p(l — g)(l + o(l)) + ° (1 + o(l)) + apDe q { 1 + o(l)) + ---- i>qO- + °(1)) 




1-9 


—a ( 2d()——, ' + 2D(1 — q)e q — aDdo q 


adg 


_ 1 )-(p+v) 


*(a — 1) 


'F-(g) ' ~~~ u i^(g) (F-(g)) 2 a - 1 - a(p + ry) 

Next, by U £ 3RV 7jPiI) with auxiliary functions A and B 


i/j q (l + o(l)) 


e? = U{x q /{ 1 - q)) = x i/ c f xP-l 


F<~(q) U(l/(1 — q)) 


1 + 


x p+v — 1 

-eg^g(l + o(l)) ) , 


P + 11 


■ (5.19) 


(5.20) 


with (recall x q defined in (5.191) 


r}J a = (a- l)” 1/a 


l + di(l — q) + 


F*~(q) 


1 - 


F*~(q) 


(1 + o(l)) - di(l - q){ 1 + o(l)) - d 2 e g (l + o(l)) 


+De q ( 1 — 2p{\ — g)(l + o(l)) + ^ (1 + o(l)) + apDe q ( 1 + o(l)) + ----V’gll + °(1)) 


F^{q) 


- 2dr 


1-9 

F*~(q) 


+ 2D(1 — q)e q — aDd c 


adg 


a(a — 1) 


- 15—(p-Gu) 


F<~(q) (F <_ (g)) 2 a-l — a{p + rj) 


e q ip q (1 + o(l)) 


+ 


1 — a 


4 


(F^(q)y 


+ d?(l-g ) 2 + DV (l + o(l)) 


*?- 1 


x p q +r > - 1 
p + r] 


P 


1 + apd\{l — q)( 1 + o(l)) + 


apdo 

F<~(q) 


(1 + o(l)) + apDe q ( 1 + o(l)) 


- 1 


(a - 1)-(p++ - 1 
P + V 


(l + o(l)). 


Consequently, the desired result follows by (5.201 and elementary calculations. 


□ 


Proof of Theorem [379] By Corollary 4.4 in 

xf — x-= 


E {(X - x)+} = ^F{x) (1 - f a(=L-) (1 + o(l))) , x t x F . 

a + 1 \ a + 1 — ap \F(x )/ J 


Further by (3.51 


-MX] = X [_l q F } £q ] ( 1 - 2(1 - 9)(1 + o(l)) - 


> VF(e,)l J 


g a + 1 \ a + l — ap '± ^ qJ 

It follows from Proposition 2.5 in [2 that xf — e g = C( 1 — g) 1 /(“+ 1 ) —> 0 for some positive constant C. We have 
thus t q := (xp — e g )/(l — q) —> 00 . By ( |3.5[ ) and Taylor’s expansion 1/(1 — x) = 1 + x(l + o(l)), x -£ 0 
1 xf — e g 1 


F{e- q ) 


1 —g (a + 1 )(xf — E{A'}) 
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(i “ -zf — (1 + o(1)) + 

V a + l-ap \F(e q )' 


x I 1 - 

t, 


a + l-ap ^F(e q ) 

— - A (=^~ )(1+ »(!)) + 

1 -ap \F(e„)J y y n 


=: — ( 1 — - 

x 0 \ a + l-ap \F(e q ) 


xf — E {X} 
xf — e q 


Xf — E {X} 

Noting further that xp — U £ 2RV 7iP with auxiliary function A and |A| £ RV P 
Xp-e q = (x F - U(t q ))xl /a (1 + : —-A(f g )(l + o(l)) 


(1 + 0 ( 1 )) 

(1 + 0 ( 1 ))). 


p 


X 1 + 


a 


a + 1 — ap 


A (^)) (1 + ° (1)) + J^-E{X} (1 + ° (1)) ) 


= C — 


(f 2 ) ^ (1 + ^A(t q )( 1 + 0(1)) + —y -^(=1-) (1 + 0(1)) + 

\t q J y p a +1 — ap \F[e q y 


-F - e<?) 

xf — E {X} 


(l + o(l)) 


= "(?) 


1/a 


1 + 


(a + 1): 


„ p 


-A(tq){l + 0(1)) - 


xf — e-q 


p{a + l — ap) y qjy ' v " a(xp — E{X}) 
Clearly, x F — e q = C(x 0 /t q ) 1 ^ a ( 1 + o(l)) we have (recall t q := (x F — e g )/(l — q)) 


(l+o(l)) • 


(5.21) 


xf - e q = (C a x 0 ( 1 - 9 )) 1 /(“+i)(l + 0 (1)) 


and thus 


<»=( t ^)“ ,< “ +II + 1 “ +1> ( 1 + »( 1 »- 


Consequently, by (5.211 


x F -e q = (C a x 0 (l-q)y 




a(x F — E {X}) 


(l + o(l)) 


+ 


(a + l)(C/a;o)“ p/(a+1) 

p(a + 1 - ap) 


A ((1 — <z)-“Tt) (1 + o(l))^ . 


We obtain the desired result. 


□ 
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6 Appendix 

In this appendix we first establish an extensional Drees’ type inequality in Lemma |6.1| for the third-order extended 
regularly varying functions. Then we present a proposition concerning the third-order regular variation properties 


under generalized inverse transformations. Recall that D 1 ^H lp and R 7jPr; are defined by (2.3). 
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Lemma 6.1. If f £ 3ERV 7jPj7) with auxiliary functions a, A and B, then for any e > 0, there exists to = toff) > 
0, C > 0 such that for all min(t, tx) > to 

fffx) - fit) - a 0 {t)D 1 {x) - a l {f)H ltP ix) 


afft) 


^''Y,P, r l ff) 


< e(l + x 1 + 2x 1+p + 4i 7 +p+?) e e|lna:| +1 { 7 = p = 0}e c|Ina;| ) 


( 6 . 1 ) 


with ao(t) = a{t),ai(t) = ao(t)A(t) and afft) = ao{t)A{t)B{t). 


Remark 6.2. a) We see that (6.1 1 also holds for f £ 3RV 7jPjI) with H l p and R 7 , p ,p replaced respectively by H and 
R given by 

H{x) = ci H ltP ix) + c 2 D 1 [x), R{x) = diR 7 , PjP (a:) + d 2 H lt ffx ) + d 3 D 7 (x) 
with Ci, dj £ R, i = 1, 2, j = 1, 2, 3. 


b) The inequality (6.1 1 is the third-order form of Lemma 5.2 in JTS) , which is the so-called the extensional Drees’ 
inequality, which is different from those by Theorem 2.1 in m and Lemma 2.1 in m 


ao{tx) — ao(t)x 7 — affffx 1 D ffx) T u \ affix) — a\{t)x 1+p 


Proof of Lemma [6.1| For simplicity, we denote 
Io(t,x) = 


hff,x) = 


T . . afftx) w 

I 2 (t,x)= , I(t,x) = 

a 2 {t) 


afft ) ’ ; a 2 (t) 

fffx) - fff) - a 0 (t)D 7 ix) - afft)H 1P ix) 


afft) 


It follows from Theorem 2.1 in m that 


lim Ioff,x) = x^Hpffx), lim Ifft,x) = x 1+p D v ix), lim Ifft,x) = x' y+p+v . (6.2) 

t->-oo ’ t—too t—> oo 

Next, we will consider the following four cases: Case a: 7 / 0 and 7 + p 0; Case b: 7 0 and 7 + p = 0; 

Case c: 7 = 0 and 7 + p ff 0 and Case d: 7 = p = 0, respectively. 


Case a: 7 ff 0 and 7 + p ff 0. Let g{t) = fff) — ao(t )/7 + afft)/ffiffi + p)). It follows from (2.31 and (6.2 1 that, for 


all x > 0 


gjtx) - git) 

afft) / (Til + p)) 


= 7(7 + p) I it, x) - (7 + p)I 0 it, x) + I 1 ff, x) 

7(7 + p)R^, P ,ffx) - (7 + p)x 1 H p ^ v ix) + x 1+p Dffx) 

D 7 _(_ p _(_ p (x), t y 00 . 

Hence, it follows from Lemma 5.2 in m and similar arguments of Lemma 2.1 in m that, for any e > 0 , there exists 
some to = toff) > 0 such that for all min(f, tx) > to 
g(tx) — gff) 


a 2 (t)/(7(7 + p)) Dl+P+VK 


Or) < e(l + x 1+p+r, e e ' [Xnx ^) 
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x ^+p)l 1 (t,x) — D„(x) 


( tx ) ( ry+p ' > ai(tx) — f ( ' 7+p ^ai(t) 


t-(7+p)a 2 (t) 


- A? 0*0 


< e(l+x' 


e|lnx| 


and 


a; 7 / 0 (f,x) - H PtV (x) 


(tx) 1 ao(tx) — t. 7 ao(f) — f 1 a\(t)D p (x) 


t~^a 2 (t) 
< e(l + x p + 2 a; p+?) e £|lnx| ). 


H PjV (x) 


Consequently 


I(t,x) R^,p,T) 

l+x^ +p+ri e e ^ n ^ | x 7 (l + x p + 2 x p+r) e £ l ln:c l) a; 7+p (l + x ?? e £ l lnx l) 

7 7(7 + p) 


< e 


7(7 + P) 

establishing our proof for Case a. 

Case b: 7 ^ 0 and 7 + p = 0 . Letting 77(f) = /(f) — ao(f)/7, we have 

ff(te) - g(f) - (—Qi (t)/j) In a; 
a 2 (t)/p 

= pl(t,x) + I 0 (t,x) 
y pRry p p (x) T X^Hp tV ( X ) 

= Hq v (x), t — > 00. 

Consequently, the claim follows by similar arguments for Case a. 

Case c: 7 = 0 and 7 + p ^ 0 . Let 77(f) = /(f) — (ai(f) — a 2 (t)/(p + 77))/ p 2 , then 

g(tx) - g(t) - (a 0 (f) - ai(t)/p) lnx 
a 2 (t)/(—p) 

= (~p)I(t, x) + -Ii(t,x) - 1 (I 2 (t,x) - 1 ) 

P p(p + V) 

( x p 1 \ 

~f ( — p) \ R-o,p,ri(x) — —^Dn(x) + —D p+V (x)j 

= H 0tP+v (x), f -t 00. 

The remaining proof is similar to those for Case a and thus is omitted here. 

Case d: 7 = p = 0 . We first consider that 77 < 0 . Since (ai(tx) — a\(t))/a 2 (t) D v (x), we have by Theorem 1.10 in 


m that, there exists some constant c ^ 0 such that 


. . ai(t) — c 1 

lim ai (f) = c, lim -—— = -. 

t-¥ 00 t-¥ 00 ai(t) 77 


(6.3) 


Letting 77 (f) = /(f) — c(lnf) 2 /2, we have 

g(tx) — g(t) — (ao(t) — clnf) lnx a 2 (f) 


ai(f) — c 


t, , _ . . / di(f) — c l\ln“x 1 

m . /(f,x) - Ro,o,r,(x) + -/pi-) —^ ' 

°i(f) — c V V «2(f) 7/ 2 


+ —Ho,ri( x )^ 
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We see from (2.31 that g £ 2ERVo l?) with auxiliary function ao(t) — clnt and a\(t) — c. Noting further that there 
exist two constants C,D > 0 such that for all x £ (0, oo) (cf. Lemma 2.2 in [36]) 


\Ho tT (x)\ < Dexp (C|lnx|), r < 0. 


(6.4) 


The claim follows by (6.31 and similar arguments as for Case a. 

rt 


Next, we deal with the case rj = 0. Letting g(t) = /(f) — J) ao(u)/udu + a\(t), we have by (2.3( and (6.21 

du + I\(t , x ) 
du + lnx = lnx, 


g(tx)-g(t) f x I 0 (t,u) 


a 2 {t) 


= - [ 

J 1 U 

(lnz) 3 f x (In u) 2 


6 


2 u 


where we used in the second step the dominated convergence theorem (see e.g. Lemma 5.2 in j!3j). The claim follows 


□ 


by ( |6.4[ ) and the same arguments for Case a. Consequently, we complete the proof. 

Proposition 6.3. Let «/0,c,d€l and a £ R, p,g < 0. If f[x) = ax a ( 1 + cx p + dx 2p (l + o(l))), x —> oo, then 
f £ 3RV ajPiP with auxiliary functions A , B given by 


w 1 +CtP’ 


B(t) = —t p . 
c 


Further for a ^ 0 as t /(oo) := lim^oo f(x) 


PROOF of Proposition [673| The first claim follows by the definition of third-order regularly varying functions. 

We only present the proof of the second claim for a > 0 since the case a < 0 follows by the similar arguments. Since 
/ £ 2RV QiP with auxiliary function A, we have by Proposition 2.5 in |24| that 




(6.5) 


By Theorem 1.5.12 in [6] we have /(/*”(£)) ~ t, t —> /(oo). Consequently 

rw = (^ 1 /Q (i+c(r(£)r+d(/-(£)) 2 ^(i+ 0 (i)))- 1/a 


© v “ i 1 - + (©© - j) + 


which together with (6.5) implies the desired result. 


□ 
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